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D license.1. Introduction
The Hilbert’s double series inequality is given as follows: (see
[1,2]).
Let p > 1; q > 1; 1
p
þ 1
q
¼ 1 and am, bn > 0. If
0 <
P1
m¼1a
p
m <1, and 0 <
P1
n¼1b
q
n <1, then we have
X1
m¼1
X1
n¼1
ambn
mþ n 6
p
sin p
p
  X1
m¼1
apm
 !1
p X1
n¼1
bqn
 !1
q
; ð1:1Þ
where p/sin(p/p) is the best possible constant.Many inequalities, in general and different versions of the
Hilbert inequality, in particular play a major role in mathemat-
ical analysis and applications. In recent years, considerable
attention has been given to various extensions and improve-
ments of the Hilbert inequality (1.1) (see Refs. [3–10]). The main
purpose of this paper is to obtain some extensions of (1.1).
2. The main results
First, we introduce some lemmas.
Lemma 2.1. For p > 1; aP 0; b > 1cp and a> 0 such that
1
pþ 1q ¼ 1, deﬁne the weight coefﬁcient function w1(m) as
follows:w1ðmÞ ¼
X1
n¼1
1
aþmanbð Þc
m
n
 1
q
: ð2:1Þ
Then we get
w1ðmÞ 6 1b a
1
bpcm
bpba
bp B
1
bp
; c 1
bp
 
; ð2:2Þ
where B(a,b) is the Beta function for a> 0 and b> 0.icense.
On some generalizations of the Hilbert–Hardy type discrete inequalities 331Proof. From (2.1), we have
w1ðmÞ ¼
X1
n¼1
1
ac 1þ manb
a
 c m
n
 1
q 6 1
ac
Z 1
0
1
1þ mayb
a
 c m
y
 1
q
dy:
Using the change of variable u ¼ mayb
a
, we have dy ¼ 1b a
1
bu
1
b
1
ma=b
du
and 0 6 u<1.
Substituting u and dy in the right hand side of the above
inequality, we get
w1ðmÞ 6 1
ac
Z 1
0
1
ð1þ uÞc
m1þ
a
b
a
1
bu
1
b
 !1
q
1
b
a
1
bu
1
b1
m
a
b
du
¼ 1
b
a
1
b 1bqcm
1
qþ abqab
Z 1
0
u
1
b 1bq1
ð1þ uÞc du
It follows from [9] and 1
p
þ 1
q
¼ 1, that
w1ðmÞ 6 1b a
1
bpcm
bpba
bp B
1
bp
; c 1
bp
 
:
Hence the lemma is proved. h
By a similar manner we can prove the following lemma.
Lemma 2.2. For p > 1; a > 1cq ; bP 0 and a> 0 such that
1
pþ 1q ¼ 1, deﬁne the weight coefﬁcient
w2(n) as:
w2ðnÞ ¼
X1
m¼1
1
ðaþmanbÞc
n
m
 1
p
: ð2:3Þ
Then we get
w2ðnÞ 6 1a a
1
aqcn
aqab
aq B
1
aq
; c 1
aq
 
: ð2:4Þ
Theorem 2.3. If a > 1cq ; b >
1
cp and (p> 1), such that
1
p
þ 1
q
¼ 1; famg and {bn}P 0, satisfy that
0 <
X1
m¼1
m
bpba
bp apm <1 and 0 <
X1
n¼1
n
aqab
aq bqn <1:
Then for (a,c> 0).
X1
m¼1
X1
n¼1
ambn
aþmanbð Þc6 a
a qcbq1ð Þþb pcap1ð Þ
abpq
1
b
Bð 1
bp
;c 1
bp
Þ
 1
p 1
a
B
1
aq
;c 1
aq
  1
q

X1
m¼1
m
bpba
bp apm
 !1
p X1
n¼1
n
aqab
aq bqn
 !1
q
: ð2:5Þ
Proof. Using Ho¨lder’s inequality, we have
X1
m¼1
X1
n¼1
ambn
aþmanbð Þc
¼
X1
m¼1
X1
n¼1
am
aþmanbð Þcp
m
n
  1
pq bn
aþmanbð Þcq
n
m
  1
pq
6
X1
m¼1
X1
n¼1
apm
aþmanbð Þc
m
n
 1
q
 !1
p

X1
m¼1
X1
n¼1
bqn
aþmanbð Þc
n
m
 1
p
 !1
q
¼
X1
m¼1
apm
X1
n¼1
1
aþmanbð Þc
m
n
 1
q
 ! !1
p X1
n¼1
bqn
X1
m¼1
1
aþmanbð Þc
n
m
 1
p
 ! !1
q
:
ð2:6ÞBy (2.1), (2.3) and (2.6), we get
X1
m¼1
X1
n¼1
ambn
ðaþmanbÞc 6
X1
m¼1
apmw1ðmÞ
 !1
p X1
n¼1
bqnw2ðnÞ
 !1
q
 ð2:7Þ
Substituting by (2.2) and (2.4) in (2.7), we obtain
X1
m¼1
X1
n¼1
ambn
ðaþmanbÞc 6
X1
m¼1
apm
1
b
a
1
bpcm
bpba
bp B
1
bp
; c 1
bp
  !1p

X1
n¼1
bqn
1
a
a
1
aqcn
aqab
aq B
1
aq
; c 1
aq
  !1q
:
Since 1
p
þ 1
q
¼ 1, we have
X1
m¼1
X1
n¼1
ambn
ðaþmanbÞc 6 a
aðqcbq1Þþb pcap1ð Þ
abpq
1
b
B
1
bp
; c 1
bp
  1
p
1
a
B
1
aq
; c 1
aq
  1
q

X1
m¼1
m
bpba
bp apm
 !1
p X1
n¼1
n
aqab
aq bqn
 !1
q
:
This completes the proof. h
Remark 2.1.
1. Let p= q= 2 in (2.5), then we have
X1
m¼1
X1
n¼1
ambn
ðaþmanbÞc6
1
ab
 1=2
a
a4abcþb
4ab B
1
2b
;c 1
2b
 
B
1
2a
;c 1
2a
  1
2

X1
m¼1
m
ba
2b a2m
 !1
2 X1
n¼1
n
ab
2a b2n
 !1
2
:
ð2:8Þ
2. Let c= 1 in (2.5). Then we get
X1
m¼1
X1
n¼1
ambn
aþmanb 6
pa
aðqbq1Þþbðpap1Þ
abpq
b sin pbp
 1
p
a sin paq
 1
q
X1
m¼1
m
bpba
bp apm
 !1
p X1
n¼1
n
aqab
aq bqn
 !1
q
;
ð2:9Þ
which is a new Hilbert-type inequality.
3. Let a= b= 1 in (2.9), then we obtain
X1
m¼1
X1
n¼1
ambn
aþmn 6
pa
2
pq
sin p
p
X1
m¼1
m1
2
papm
 !1
p X1
n¼1
n1
2
qbqn
 !1
q
: ð2:10Þ
4. Let a= 1 in (2.9), then we have
X1
m¼1
X1
n¼1
ambn
1þmanb 6
p
b sin pbp
 1
p
a sin paq
 1
q
X1
m¼1
m
bpba
bp apm
 !1
p X1
n¼1
n
aqab
aq bqn
 !1
q
:
ð2:11Þ
5. Let a= b= 1 in (2.11), then we ﬁnd
X1
m¼1
X1
n¼1
ambn
1þmn 6
p
sin p
p
X1
m¼1
m1
2
papm
 !1
p X1
n¼1
n1
2
qbqn
 !1
q
:
6. Let a= 4 in (2.10), then we get
X1
m¼1
X1
n¼1
ambn
4þmn 6
p4
2
pq
sin p
p
X1
m¼1
m1
2
papm
 !1
p X1
n¼1
n1
2
qbqn
 !1
q
:
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X1
m¼1
X1
n¼1
ambn
ð1þmnÞc 6
ﬃﬃﬃ
p
p
C c 1
2
 
CðcÞ
X1
m¼1
a2m
 !1
2 X1
n¼1
b2n
 !1
2
: ð2:12Þ
8. Let c= 2 in (2.12), then we ﬁnd
X1
m¼1
X1
n¼1
ambn
ð1þmnÞ2 6
p
2
X1
m¼1
a2m
 !1
2 X1
n¼1
b2n
 !1
2
:
Lemma 2.4. For aP 0; b > 1cp ; c > 0 and p> 1 such that
1
p
þ 1
q
¼ 1, deﬁne the weight coefﬁcient w1(m) as follows:
w1ðmÞ ¼
X1
n¼1
1
ðma þ nbÞc
m
n
 1
q
: ð2:13Þ
Then we get
w1ðmÞ 6 1bm
bpbþaac
bp B
1
bp
; c 1
bp
 
: ð2:14Þ
Proof. From (2.13), we have
w1ðmÞ ¼
X1
n¼1
1
macð1þ nbÞc
m
n
 1
q 6 1
mac
Z 1
0
1
1þ yb
ma
 c m
y
 1
q
dy:
Let u ¼ yb
ma
, then we have dy ¼ 1bm
a
bu
1
b1du and 0 6 u<1.
Hence
w1ðmÞ 6 1
mac
Z 1
0
1
ð1þ uÞc
m1
a
b
u
1
b
 !1
q
1
b
m
a
bu
1
b1du
¼ 1
b
m
1
q abqþabac
Z 1
0
u
1
b 1bq1
1þ uð Þc du
Using deﬁnition of Beta function and 1
p
þ 1
q
¼ 1, we have
w1ðmÞ 6 1bm
bpbþaabcp
bp B
1
bp
; c 1
bp
 
:
Hence the lemma is proved. h
Lemma 2.5. For bP 0; a > 1cq ; c > 0 and p> 1 such that
1
p
þ 1
q
¼ 1; p > 1; q > 1; 1
p
þ 1
q
¼ 1, deﬁne the weight coefﬁcient
w2 (n) as:
w2ðnÞ ¼
X1
m¼1
1
ðma þ nbÞc
n
m
 1
p
: ð2:15Þ
Then we get
w2ðnÞ 6 1a n
aqaþbabcq
aq B
1
aq
; c 1
aq
 
; ð2:16Þ
where B(a,b) is the Beta function, a> 0 and b> 0.
Proof. The proof is similar to the proof of Lemma 2.4, so it is
omitted. h
Theorem 2.6. If ðp > 1Þ; aP 1cq and bP 1cp such that 1pþ 1q ¼ 1,
and f(x)P 0, g(y)P 0, satisfy that 0 <
P1
m¼1
m
bpbþaabcp
bp apm <1 and <
P1
n¼1n
aqaþbabcq
aq bqn <1Then for (c> 0)
X1
m¼1
X1
n¼1
ambn
ðma þ nbÞc 6
1
b
 1
p 1
a
 1
q
B
1
bp
; c 1
bp
  1
p
B
1
aq
; c 1
aq
  1
q

X1
m¼1
m
bðpacp1Þþa
bp apm
 !1
p X1
n¼1
n
aðqbcq1Þþb
aq bqn
 !1
q
: ð2:17Þ
Proof. Put the left hand side of the inequality (2.17) in the
form:
X1
m¼1
X1
n¼1
ambn
ðma þ nbÞc ¼
X1
m¼1
X1
n¼1
am
ðma þ nbÞcp
m
n
  1
pq bn
ðma þ nbÞcq
n
m
  1
pq
:
Applying Ho¨lder’s inequality to get the right hand side of the
above inequality as follows:
X1
m¼1
X1
n¼1
ambn
ðmaþnbÞc6
X1
m¼1
X1
n¼1
apm
ðmaþnbÞc
m
n
 1
q
 !1
p
X1
m¼1
X1
n¼1
bqn
ðmaþnbÞc
n
m
 1
p
 !1
q
¼
X1
m¼1
apm
X1
n¼1
1
ðmaþnbÞc
m
n
 1
q
 ! !1
p
X1
n¼1
bqn
X1
m¼1
1
ðmaþnbÞc
n
m
 1
p
 ! !1
q
: ð2:18Þ
By (2.13), (2.15) and (2.18), we get
X1
m¼1
X1
n¼1
ambn
ðma þ nbÞc 6
X1
m¼1
apmw1ðmÞ
 !1
p X1
n¼1
bqnw2ðnÞ
 !1
q
: ð2:19Þ
Substituting (2.14) and (2.16) of Lemmas 2.4 and 2.5 in (2.19),
we obtain
X1
m¼1
X1
n¼1
ambn
ðma þ nbÞc 6
X1
m¼1
apm
1
b
m
bpbþaabcp
bp B
1
bp
; c 1
bp
  !1p

X1
n¼1
bqn
1
a
n
aqaþbabcq
aq B
1
aq
; c 1
aq
  !1q
:
Then
X1
m¼1
X1
n¼1
ambn
ðma þ nbÞc 6
1
b
 1
p 1
a
 1
q
B
1
bp
; c 1
bp
  1
p
B
1
aq
; c 1
aq
  1
q

X1
m¼1
m
bðpacp1Þþa
bp apm
 !1
p X1
n¼1
n
aðqbcq1Þþb
aq bqn
 !1
q
:
This completes the proof. h
Now, we discuss some special values for the parameters
inequality (2.17) in order to obtain some known inequalities
as special cases from our result.
Remark 2.2.
1. Let p= q= 2 in (2.17), then we get
X1
m¼1
X1
n¼1
ambn
ðma þ nbÞc 6
1
ab
 1
2
B
1
2b
; c 1
2b
  1
2
B
1
2a
; c 1
2a
  1
2

X1
m¼1
m
bþa2abc
2b a2m
 !1
2 X1
n¼1
n
aþb2abc
2a b2n
 !1
2
:
On some generalizations of the Hilbert–Hardy type discrete inequalities 3332. Let a= b= 1 in (2.17), then we obtain
X1
m¼1
X1
n¼1
ambn
ðmþ nÞc 6 B
1
p
; c 1
p
  1
p
B
1
q
; c 1
q
  1
q
X1
m¼1
m1capm
 !1
p X1
n¼1
n1cbqn
 !1
q
: ð2:20Þ
3. Let p= q= 2 in (2.20), then we get
X1
m¼1
X1
n¼1
ambn
ðmþ nÞc 6 B
1
2
; c 1
2
   X1
m¼1
m1ca2m
 !1
2 X1
n¼1
n1cb2n
 !1
2
¼
ﬃﬃﬃ
p
p
C c 1
2
 
CðcÞ
X1
m¼1
m1ca2m
 !1
2 X1
n¼1
n1cb2n
 !1
2
:
ð2:21Þ
4. Let c= 1 in (2.21), then we have
X1
m¼1
X1
n¼1
ambn
mþ n 6 p
X1
m¼1
a2m
 !1
2 X1
n¼1
b2n
 !1
2
;
which is Hilbert’s double series inequality.
5. Let c= 2 in (2.21), then we have
X1
m¼1
X1
n¼1
ambn
ðmþ nÞ2 6
p
2
X1
m¼1
m1a2m
 !1
2 X1
n¼1
n1b2n
 !1
2
:
6. Let a= b= 2 in (2.17), then we have
X1
m¼1
X1
n¼1
ambn
ðm2 þ n2Þc 6
1
2
B
1
2p
; c 1
2p
  1
p
B
1
2q
; c 1
2q
  1
q

X1
m¼1
m12capm
 !1
p X1
n¼1
n12cbqn
 !1
q
:
ð2:22Þ
7. Let p= q= 2 in (2.22), then we have
X1
m¼1
X1
n¼1
ambn
ðm2þn2Þc6
1
2
B
1
4
;c1
4
   X1
m¼1
m12ca2m
 !1
2 X1
n¼1
n12cb2n
 !1
2
:
ð2:23Þ
8. Let c= 1 in (2.23), then we get
X1
m¼1
X1
n¼1
ambn
m2 þ n2ð Þ 6
pﬃﬃﬃ
2
p
X1
m¼1
m1a2m
 !1
2 X1
n¼1
n1b2n
 !1
2
:
9. Let a= b= l in (2.17), then we have
X1
m¼1
X1
n¼1
ambn
ðmlþnlÞc6
1
l
 
B
1
lp
;c 1
lp
  1
p
 B 1
lq
;c 1
lq
  1
q X1
m¼1
m1lcapm
 !1
p X1
n¼1
n1lcbqn
 !1
q
:
ð2:24Þ
10. Let p= q= 2 in (2.24), then we ﬁnd
X1
m¼1
X1
n¼1
ambn
ðmlþnlÞc6
1
l
 
B
1
2l
;c 1
2l
   X1
m¼1
m1lca2m
 !1
2 X1
n¼1
n1lcb2n
 !1
2
:
ð2:25Þ11. Let c= 1 in (2.25), then we have
X1
m¼1
X1
n¼1
ambn
ml þ nl 6
p
l sin p
2l
X1
m¼1
m1la2m
 !1
2 X1
n¼1
n1lb2n
 !1
2
:
12. Let c= 1 in (2.17), then we get
X1
m¼1
X1
n¼1
ambn
ma þ nb 6
p
b sin pbp
 1
p
a sin paq
 1
q
X1
m¼1
m
bpbþaabp
bp apm
 !1
p

X1
n¼1
n
aqaþbabq
aq bqn
 !1
q
:
13. Let a= 1 in (2.17), then we have
X1
m¼1
X1
n¼1
ambn
ðmþ nbÞc 6
1
b
 1
p
Bð 1
bp
; c 1
bp
Þ
 1
p
B
1
q
; c 1
q
  1
q

X1
m¼1
m
bpbbcpþ1
bp apm
 !1
p X1
n¼1
n
qþbbcq1
q bqn
 !1
q
:
ð2:26Þ
14. Let p= q= 2 in (2.26), then we getX1
m¼1
X1
n¼1
ambn
ðmþ nbÞc 6
1
b
 1
2
B
1
2b
; c 1
2b
  1
2
B
1
2
; c 1
2
  1
2

X1
m¼1
m
b2bcþ1
2b a2m
 !1
2 X1
n¼1
n
b2bcþ1
2 b2n
 !1
2
: ð2:27Þ
15. Let c= 1 in (2.27), then we have
X1
m¼1
X1
n¼1
ambn
mþnb6
p
bsin p
2b
 1
2
X1
m¼1
m
1b
2b a2m
 !1
2 X1
n¼1
n
1b
2 b2n
 !1
2
: ð2:28Þ
16. Let b= 2 in (2.28), then we have
X1
m¼1
X1
n¼1
ambn
mþ n2 6
p
ð2Þ14
X1
m¼1
m
1
4 a2m
 !1
2 X1
n¼1
n
1
2 b2n
 !1
2
:
By introducing some parameters, a new form of Hardy–
Hilbert’s inequality is given as follows:
Theorem 2.7. If a, b, c> 0, 0< a< pq, 0< b< qr,
0< c< pr and (p> 1), such that 1
pþ 1qþ 1r ¼ 1. Also, if 0 <P1
0 m
a
bþacakapm<1;0<
P1
0 n
b
cþbabkbqn<1 and 0<
P1
0 t
c
aþcbck
crt <1. Then, for any k>max 1bþ 1c 1qr ;1cþ 1a 1pr ;1aþ 1b 1pq
n o
,
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
amaþbnbþctc k6
a
1
bþ1ck
bb
1
bcc
1
c
 !1
p
b
1
cþ1ak
aa
1
acc
1
c
 !1
q
c
1
aþ1bk
aa
1
abb
1
c
 !1
r
 B 1
b
 1
qr
;k 1
b
þ 1
qr
 
B
1
qr
 1
b
1
c
þk;1
c
  1
p
 B 1
c
 1
pr
;k1
c
þ 1
pr
 
B
1
pr
1
c
1
a
þk;1
a
  1
q
 B 1
a
 1
pq
;k1
a
þ 1
pq
 
B
1
pq
1
a
 1
b
þk;1
b
  1
r

X1
m¼1
m
a
bþacakapm
 !1
p X1
n¼1
n
b
cþbabkbqn
 !1
q X1
t¼1
t
c
aþcbckcrt
 !1
r
: ð2:29Þ
334 S.A.A. El-MaroufProof. Apply Ho¨lder’s inequality to estimate the right hand
side of the above inequality as follows:
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
ðama þ bnb þ ctcÞk
¼
X1
m¼1
X1
n¼1
X1
t¼1
am
ðama þ bnb þ ctcÞ
k
p
ama
bnb
  1
pqr
 bn
ama þ bnb þ ctc kq
bnb
ctc
  1
pqr ct
ðama þ bnbþ ctcÞ
k
r
ctc
ama
  1
pqr

6
X1
m¼1
X1
n¼1
X1
t¼1
apm
ðama þ bnb þ ctcÞk
ama
bnb
  1
qr
 !1
p

X1
m¼1
X1
n¼1
X1
t¼1
bqn
ðama þ bnb þ ctcÞk
bnb
ctc
  1
pr
 !1
q

X1
m¼1
X1
n¼1
X1
t¼1
crt
ðama þ bnb þ ctcÞk
ctc
ama
  1
pq
 !1
r
¼ S1=pT1=qR1=r: ð2:30Þ
Such that here
S ¼
X1
m¼1
ðamaÞ 1qrapm
X1
t¼1
X1
n¼1
ðbnbÞ
1
qr
ðama þ bnb þ ctcÞk
:
Since
P1
n¼1fðnÞ 6
R1
0
fðyÞdy, then
X1
n¼1
ðbnbÞ
1
qr
ðama þ bnb þ ctcÞk
6
Z 1
0
ðbybÞ
1
qr
ðama þ byb þ ctcÞk
dy
¼ 1
ðama þ ctcÞkþ 1qr
Z 1
0
byb
amaþctc
  1qr
1þ byb
amaþctc
 k dy:
By putting u ¼ byb
amaþctc, then we ﬁnd dy ¼ 1b am
aþctc
b
 
u
 1
b1
amaþctc
b
 
du and 0 6 u<1. Then
Z 1
0
ðbybÞ
1
qr
ðamaþbybþ ctcÞk
dy¼ 1
bb
1
bðamaþ ctcÞkþ 1qr1b
Z 1
0
u
1
b 1qr1
ð1þuÞk du:
From deﬁnition of Beta function, we get
Z 1
0
ðbybÞ
1
qr
ðamaþbybþctcÞk
dy¼ 1
bb
1
bðamaþ ctcÞkþ 1qr1b
B
1
b
 1
qr
;k 1
b
þ 1
qr
 
:
Therefore, we have
S¼ 1
bb
1
b
B
1
b
 1
qr
;k 1
b
þ 1
qr
 X1
m¼1
amað Þ 1qrapm
X1
t¼1
1
ðamaþ ctcÞkþ 1qr1b
:
Now,
X1
t¼1
1
ðama þ ctcÞkþ 1qr1b
6
Z 1
0
1
ðama þ czcÞkþ 1qr1b
dz
¼
Z 1
0
ðczcÞ1b 1qrk
1þ ama
czc
 kþ 1qr1b dz:Using the change in variables u ¼ ama
czc
; dz ¼
 1c am
a
c
u1
 1
c1 ama
c
u2du.
Hence
Z 1
0
1
ðama þ czcÞkþ 1qr1b
dz ¼ am
að Þ1b 1qrþ1ck
cc
1
c
Z 1
0
u
1
qr1b1cþk1
ð1þ uÞkþ 1qr1b
du:
Using deﬁnition of Beta function, we have
Z 1
0
1
ðaxa þ czcÞkþ 1qr1b
dz ¼ ðam
aÞ1b 1qrþ1ck
cc
1
c
B
1
qr
 1
b
 1
c
þ k; 1
c
 
:
Then
S ¼ a
1
bþ1ck
bb
1
bcc
1
c
B
1
b
 1
qr
; k 1
b
þ 1
qr
 
B
1
qr
 1
b
 1
c
þ k; 1
c
 X1
m¼1
m
a
bþacakapm:
Similarly, we can write T and R as follows:
T ¼ b
1
cþ1ak
aa
1
acc
1
c
B
1
c
 1
pr
; k 1
c
þ 1
pr
 
B
1
pr
 1
c
 1
a
þ k; 1
a
 X1
n¼1
n
b
cþbabkbqn:
R ¼ c
1
aþ1bk
aa
1
abb
1
c
B
1
a
 1
pq
; k 1
a
þ 1
pq
 
B
1
pq
 1
a
 1
b
þ k; 1
b
 X1
t¼1
t
c
aþcbckcrt :
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
ðamaþbnbþctcÞk
6 a
1
b
þ1ck
bb
1
bcc
1
c
 1
p
b
1
cþ1ak
aa
1
acc
1
c
 1
q
c
1
aþ1bk
aa
1
abb
1
c
 1
r
 B 1b 1qr ; k 1bþ 1qr
 
B 1
qr
 1b 1c þ k; 1c
  1
p
 B 1c  1pr ; k 1c þ 1pr
 
B 1
pr
 1c  1aþ k; 1a
  1
q
 B 1a 1pq ; k 1aþ 1pq
 
B 1
pq
 1a 1bþ k; 1b
  1
r

X1
m¼1
m
a
bþacakapm
 !1
p X1
n¼1
n
b
cþbabkbqn
 !1
q X1
t¼1
t
c
aþcbckcrt
 !1
r
:
Or
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
amaþbnbþctcð Þk 6
1
CðkÞ
a
1
b
þ1ck
bb
1
bcc
1
c
 1
p
b
1
cþ1ak
aa
1
acc
1
c
 1
q
c
1
aþ1bk
aa
1
abb
1
b
 1
r
 C 1c
 
C 1b 1qr
 
C 1
qr
 1b 1c þ k
  1
p
 C 1a
 
C 1c  1pr
 
C 1
pr
 1c  1aþ k
  1
q
 C 1b
 
C 1a 1pq
 
C 1
pq
 1a 1bþ k
  1
r

X1
m¼1
m
a
bþacakapm
 !1
p X1
n¼1
n
b
cþbabkbqn
 !1
q X1
t¼1
t
c
aþcbckcrt
 !1
r
:
ð2:31Þ
This completes the proof. h
Remark 2.3.
1. Setting p= q= r= 3 in (2.29), we get
On some generalizations of the Hilbert–Hardy type discrete inequalities 335X1
m¼1
X1
n¼1
X1
t¼1
ambnct
ðamaþbnbþctcÞk
6 1C kð Þ a
1
b
þ1ck
bb
1
bcc
1
c
 1
3
b
1
cþ1ak
aa
1
acc
1
c
 1
3
c
1
aþ1bk
aa
1
abb
1
b
 1
3
 C 1c
 
C 1b 19
 
C 1
9
 1b 1cþk
  1
3
 C 1a
 
C 1c 19
 
C 1
9
 1c 1aþk
  1
3
 C 1b
 
C 1a 19
 
C 1
9
 1a 1bþk
  1
3

X1
m¼1
m
a
bþacaka3m
 !1
3 X1
n¼1
n
b
cþbabkb3n
 !1
3 X1
t¼1
t
c
aþcbckc3t
 !1
3
: ð2:32Þ
2. Let a= b= c= 1 in (2.29), then we get
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
amþbnþ ctð Þk
6 a3kp 1b3kq 1c3kr 1 B 1 1
qr
;k1þ 1
qr
 
B
1
qr
þk2;1
  1
p
;
 B 1 1
pr
;k1þ 1
pr
 
B
1
pr
þk2;1
  1
q
 B 1 1
pq
;k1þ 1
pq
 
B
1
pq
þk2;1
  1
r

X1
m¼1
m2kapm
 !1
p X1
n¼1
n2kbqn
 !1
q X1
t¼1
t2kcrt
 !1
r
: ð2:33Þ
3. For a= b= c= k= 1 in (2.33), one has the following
inequality:
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
mþnþ t6
pðqrÞ1pðprÞ1qðpqÞ1r
ð1qrÞsin p
qr
 1
p ð1prÞsin p
pr
 1
q ð1pqÞsin p
pq
 1
r

X1
m¼1
mapm
 !1
p X1
n¼1
nbqn
 !1
q X1
t¼1
tcrt
 !1
r
:
4. Let k= 1 in (2.29), then we get
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
amaþbnbþctc 6
a
1
b
þ1c1
bb
1
bcc
1
c
 1
p
b
1
cþ1a1
aa
1
acc
1
c
 1
q
c
1
aþ1b1
aa
1
abb
1
b
 1
r
 B 1b 1qr ; 1 1bþ 1qr
 
B 1
qr
 1b 1c þ 1; 1c
  1
p
 B 1c  1pr ; 1 1c þ 1pr
 
B 1
pr
 1c  1aþ 1; 1a
  1
q
 B 1a 1pq ; 1 1aþ 1pq
 
B 1
pq
 1a 1bþ 1; 1b
  1
r

X1
m¼1
m
a
bþacaapm
 !1
p X1
n¼1
y
b
cþbabbqn
 !1
q X1
t¼1
t
c
aþcbccrt
 !1
r
:
5. For a= b= c= 1 in (2.29), we obtain
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
ðmaþnbþtcÞk 6
1
bc
 1
p 1
ac
 1
q 1
ab
 1
r
 B 1b 1qr ; k 1bþ 1qr
 
B 1
qr
 1b 1c þ k; 1c
  1
p
 B 1c  1pr ; k 1c þ 1pr
 
B 1
pr
 1c  1aþ k; 1a
  1
q
 B 1a 1pq ; k 1aþ 1pq
 
B 1
pq
 1a 1bþ k; 1bþ k; 1b
  1
r

X1
m¼1
m
a
bþacakapm
 !1
p X1
n¼1
n
b
cþbabk
 !1
q X1
t¼1
t
c
aþcbckcrt
 !1
r
:
ð2:34Þ6. Substituting k= 1 in (2.34), then we obtain,
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
maþnbþ tc
6 1
bc
 1
p 1
ac
 1
q 1
ab
 1
r
B
1
b
 1
qr
;1 1
b
þ 1
qr
 
B
1
qr
 1
b
1
c
þ1;1
c
  1
p
 B 1
c
 1
pr
;11
c
þ 1
pr
 
B
1
pr
1
c
1
a
þ1;1
a
  1
q
 B 1
a
 1
pq
;11
a
þ 1
pq
 
B
1
pq
1
a
 1
b
þ1;1
b
  1
r

X1
m¼1
m
a
bþacaapm
 !1
p X1
n¼1
n
b
cþbab
 !1
q X1
t¼1
t
c
aþcbccrt
 !1
r
:
7. Let a= b= 1 in (2.29), then we get
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
amþbnþctcð Þk 6
a
1kþ1c
bcc
1
c
 1
p
b
1kþ1c
acc
1
c
 1
q
c2k
ab
 1
r
 B 1 1
qr
; k 1þ 1
qr
 
B 1
qr
 1c  1þ k; 1c
  1
p
 B 1c  1pr ; k 1c þ 1pr
 
B 1
pr
 1c  1þ k; 1
  1
q
 B 1 1
pq
; k 1þ 1
pq
 
B 1
pq
 2þ k; 1
  1
r

X1
m¼1
m
1
cþ1kapm
 !1
p X1
n¼1
n
1
cþ1kbqn
 !1
q X1
t¼1
tð2kÞccrt
 !1
r
:
ð2:35Þ
8. For k= 2,c= 2 in (2.35), we have
X1
m¼1
X1
n¼1
X1
t¼1
ambnct
amþbnþct2ð Þ26 2
1r
r a
12p
2p b
12q
2q c
1r
2r B 1 1
qr
;1þ 1
qr
 
B 1
qr
þ 1
2
; 1
2
  1
p
 B 1
2
 1
pr
; 3
2
þ 1
pr
 
B 1
pr
þ 1
2
;1
  1
q
B 1 1
pq
;1þ 1
pq
 
B 1
pq
;1
  1
r

X1
m¼1
m
1
2apm
 !1
p X1
n¼1
n
1
2bqn
 !1
q X1
t¼1
crt
 !1
r
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